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The solutions of the d i rec t  and inve r se  p rob lems  of nonequil ibrium kinet ics  and dynamics  
of sorpt ion  were  obtained. Simple methods of obtaining numer ica l  values  of kinetic and 
dynamic p a r a m e t e r s  a r e  indicated. 

The d i rec t  problem of the kinet ics  and dynamics  of sorpt ion  under ce r ta in  cons t ra in ts  has been con-  
s idered by a number  of authors  [1-14]. The inve r se  p rob lem for  a given initial  dis t r ibut ion of concen t ra -  
tions in an unbounded infinite column (unbounded problem) was examined in [9]. 

We will cons ider  below the d i rec t  and inverse  problems of the noneqnil ibrium kinet ics  and dynamics  
of sorpt ion for  a bounded column with a ze ro  initial dis t r ibut ion and given t empora l  dis t r ibut ion of the con- 
centra t ion at  the column boundary. This problem is of in te res t  for  chromatography  and a number  of p ro -  
c e s se s  in industr ia l  c h e m i s t r y  where  the p r o c e s s e s  occur  in bounded columns. The dynamics  of sorpt ion  
in a cyl indr ical  column filled with homogeneous s y m m e t r i c  porous gra ins  is descr ibed  by the following 
s y s t e m  of equations: 

kinet ics  of ac ts  of sorp t ion  

Oq~ -- klc o - -  k2q o, ( 1 ) 

mate r i a l  balance for  s y m m e t r i c  porous gra ins  

Oc ~ / 02c ~ v Oc ~ 
aq~ + - -  ~- Di |_--:77._ + 

I Ot Ol \ O r  "~ r Or 

m a t e r i a l  balance for  a cyl indr ical  column filled with sorbent  gra ins  

ac Oc + u + 60? 0 (c - -  c o ]r=~) = D 02c 
a-T az2 

(2) 

(3) 

with zero  initial  and boundary conditions of: 

continuity of the externa l  and in ternal  flows at  the gra in  boundary 

OCO 
8 0 ( c - - c  ~ n~ Or Ir=a (4) 

s y m m e t r y  at  the gra in  center  

ac~ ] = O, (5) 
Or lr=o 

for  f rontal  dynamics  of sorpt ion  

cf (z, t)I~=o = Co = consi," (6) 
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fo r  e lut ion dynamics  of so rp t i on  

Ce(Z, 0 I,=o = Co~ (t), 

c; (z, t) I==o = co i1 - -  n ( t - -  to)]. 

(7) 

(s) 

The effec t ive  longitudinal  mixing fo r  a nons t a t iona ry  concen t r a t ion  field is desc r ibed  not by the d i f -  
fus ion  coef f ic ien t  but by the d i s p e r s i o n  coeff ic ient  

D = D d + D~u -I- D2u ~. (9) 

The f i r s t  t e r m  in (9) c o r r e s p o n d s  to m o l e c u l a r  diffusion in the n a r r o w  channels  between the so rben t  
g r a in s  [15]; the second  t e r m  is due to convect ive  mixing [16] o c c u r r i n g  long before  the appea rance  of t u r -  
bulent  f luc tua t ions  in the perco la t ing  flow, turbulent  mixing [17], and p r e s e n c e  of ve loc i ty  f luctuat ions  of 
the pe rco la t ing  flow in the porous  m e d i u m  [15]. The th i rd  t e r m  is governed  by the nonuni formi ty  of the 
d i s t r ibu t ion  of the pe rco la t ion  ve loc i t y  of the flow with r e s p e c t  to the c r o s s  sec t ion  of the cy l ind r i ca l  
co lumn  [18] ( "Tay lo r  diffusion") and p r e s e n c e  of s tagnant  zones  between the so rben t  g ra ins  [19-23], which 
a r e  m o s t  subs tan t ia l  fo r  a liquid perco la t ing  flow. Using the Laplace  in tegra l  t r a n s f o r m  with r e s p e c t  to 
t ime  with c o n s i d e r a t i o n  of condit ions (4), (5), we find the solut ion of s y s t e m  (1), (2) fo r  1 < v <_ 2 

cO= -a- c I~/2~v_~) . 1 + -  B 
I~/2~,_~ (Xa) a~. ' (10) 

B -- )~a _I~/2(~__a) (~a) _[_ 1 - -  v. 
It/2~,_i~ (~.a) 

a 

The a v e r a g e  concen t r a t i on  of a b s o r b e d  subs t ance  with r e s p e c t  to the g ra ins  is q = (1 + v)a-(  ~ + v) j '  q0rUdr" 
With c o n s i d e r a t i o n  of (1) and (10) fo r  the t r a n s f o r m s  we wr i te  0 

0 

(11) 

s ince  f x (s +~)Is(X)dx = x (s +l)I(s +l)(x). We find the or ig ina l  (11) under  the condit ion e = c o = cons t  (ac-  
co rd ing ly  ~ = Co/p) a f t e r  r epea ted  t r a n s f o r m a t i o n s  

q = kc o - -  kc o ~ P,~ (t) 2 (1 + v) ()~,fl)-~, (12) 
a ~ 0  

w h e r e  

P,~ (t) = ~1,~ (~,, ~..,~)-~ exp (~o,J) - -  ~ - -  ,~ ( t , , -  ~o.) -~ exp (~,J), 

~,~.~,, = - -  t /2  (k, + k.~ + D~X]) + [I/4 (k~ + k.~ + D,X]) ~ -  k~a,Z~ t ~/~ . 

The roo t s  ?t n a r e  found f r o m  the c h a r a c t e r i s t i c  equat ion 

(a~oD:[ -1 -~ 1 - -  v) Jl/2(v-1) (~a) -}- ~,aJi/2~v-3~ (~.a) = O. 

The concen t r a t i on  of the a b s o r b e d  subs tance  in the s o r b e n t  g r a in  

/ I=0  

and the concen t r a t i on  of so rba t e  within the so rben t  g r a in  

= J~/21~-~ ( , r )  J~/~.,+~ (~,~a), 
r l~O 

where 

(13) 

(14) 

N ~ ( t ) - - ~ ' z (  ~a~'~-'ak~-- ~2~ ) exp ( ~ l , ~ t ) - - ~ ( ~  ~-~-[-k2-- ~2~ ) exp (~2~/)" 

F o r  c = c0[1 - ~?(t - to) ] ( accord ing ly  c = e0P-t[1 - exp (-Pt0)]) we obtain f r o m  (11) 
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k I Di  �9 

The so lu t ions  of (12)-(14) r e p r e s e n t  the so lu t ions  of the d i r e c t  p r o b l e m  of nonequ i l i b r ium k ine t ics  of s o r p -  
tion. To find f r o m  the usua l  k inet ic  c u r v e  (boundary condi t ions  e = e 0 = const)  the k inet ic  c u r v e  (boundary 
condi t ions  c = c011 - ~ ( t  - t o ) ] )  f r o m  which we can  d e t e r m i n e  the s t a t i s t i c a l  m o m e n t s ,  we m u s t  use  the r e -  
l a t ionsh ips  

q, (t) = q (t) - -  q ( t -  t,). r  (t) -~ r (t) - -  r ( t - -  to). 

cO (t) = c o i t ) -  co ( t -  t0. 
06) 

To so lve  the i n v e r s e  p r o b i e m  of nonequ i [ ib r ium -kinetics of  sorotiotx we find the e x p r e s s i o n  fo r  the in i t ia l  
a t  and cen t r a l  m o m e n t s  ~t n f r o m  the r e l a t i o n s h i p s  [24] 

c , ~ = l i m [ ( - - 1 )  " d(")q,(P) ] p--.o q* (p) dp---g , P'n = Ckn ( - -  a,)  k a,,_h. 
k=O 

With c o n s i d e r a t i o n  of (15) we obta in  a f t e r  t r a n s f o r m a t i o n s  

1 - 1 lo (k'~- 1 ' '~ [  1 1 

'z~ v~ k, (v + 5) (v -I- 7) + (~ + 5) v0 (~ + 5) k~ 
x + ~ 2 + ~t~ + 

(17) 

(18) 

w h e r e  

�9 ~i = (1 +k)a~DF~(v + 3)-1(v + 1)-'; ?~ = [~0(I + v)(1 + k)7~a -1. (19) 

The e x p r e s s i o n s  fo r  the m o m e n t s  (18) a r e  e s s e n t i a l l y  the so lu t ion  of the i n v e r s e  p r o b l e m  of the k ine t i c s  
of sorp t ion .  Having  d e t e r m i n e d  f r o m  the e x p e r i m e n t a l  k inet ic  c u r v e s  the n u m e r i c a l  value~ of the m o m e n t s  

,; , j ,  �9 
~z x = - -  lq. (t) dr. F'. = ~ ( t - -  r q .  (t) dt~ 

G~q , ~0 
0 q 

(20) 

we can  find the p a r a m e t e r s  vi, -/~, ke f r o m  the so lu t ion  of a t g e b r a i c  s y s t e m  (18). 

The so lu t ion  of nonequ i l i b r ium d y n a m i c s  of s o r p t i o n  in t r a n s f o r m s  f r o m  (1), (3), (10) with con -  
s i d e r a t i o n  of condi t ions  (6)-(8) is  found in the f o r m  

(21) 

w h e r e  
[(p) _:_ p-~l {ftomal dynamics of so~ption), 

[(p) = 1, f(p) = f* (p) = P - t i t  - -  e• ( - -  Pto)] 
(elution dynamtr of so~ption). 

We subs t i tu te  (21) into (17) and fo r  f(p) = 1 we find the e x p r e s s i o n s  fo r  the f i r s t  in i t ia l  and fottr c en t r a l  
m o m e n t s  fo r  a f ixed length  of the co lumn  L: 

(22) 

(23) 

a:  = [ 1 + (1 + k) 6] Lu -1, 

{ ( t)} 
,%=2~, 1 T~-~-kfbk~i+(1 + k ) 6 b  % + ~o  ' 

p~ = 6:*, 2~  + 2xtk6bkT' -F 2z,(1 + k)bb (.~ + ~o +k6b  (k~-' 

[ ,,, :~- 3, .,:, +2.~(Vo)_, +(v~)_~I} ' + 2 r , k 7  : . - 2 k g ' ( Y ; ) - ' )  + ( l + k )  8+ 2 (vq.-5) ' 
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+%b 2k6k; 2 7 2 k 6 \ ~ ] k ~ - '  ,r,+~.- +2(1+k) 6 2,~ (v+3)  
(~ + 5) 

+ k6b k2 3 + k + 1 ~o ~- 6 - ~ k~ ~ 
(v + 5) 

[ (5v+17) ~e 3~ ~ .  ]} 3k~ -1 ] ( 5v+17) (v+3)  ~.3_~ �9 + 7~ 2 ~_ , fi~k:;--~- ~ + + (l _L. k) 6o i + 
�9 7o 7~ 2 j ' (v @ 5) (v -~- 7) ~ (v @ 5) 7o 

+6~b ~ ~ +2~k;~+--~-] +(i +k)~ 2~ (~+5) 

�9 ( 
' 7o* --,- 7 ~  -}-6"~b ~ kSk2 - t+( l+k)  6 "~-4- 1, 

(5v + 17)~ 3~:~ -~- 2% (1-:- k) 6b ( 5 v + 1 7 ) ( v + 3 )  x~._ ~ + 7~ --~ 
(~ + 5) (v + 7) ' (~ + 5) 70 

1 ] [ [ 2 k + 1 ~ (  1.)  {2k-}- I  ~ ( ( v - - 3 )  2~ 1 ~ 
7o *~ \ k + l  ] "(v+5) 70 7~ :2 ) 

(v + 5) (v + 7) ~ (v + 5) 7; ' + - ~ , T  + - ~  

[ 2(Tv+31)(v+3)~x~ 2 ( T v + 3 1 ) ( v + 3 ) ~  6 ( v + 4 ) T 2 ,  8~:~ + ] }  
+(l+k) 5 (v + 5) (v + 7) (v + 9-) + (v + 5) (v -~- 7) 7~ ~ (v+5) 722 ~ 7g 3 + , (24) 

where  

b = [ l @ ( l + k ) 5 ] - l ;  ~ t = [ l + ( 1 - [ - k ) 6 l D u  -2. (25) 

The express ions  for moments  oh, P2, it3, #4 f rom (24) descr ibe  fully the elution curve in a fo rm close to a 
Gaussian curve  [26]. Using conditions (23), we find the re la t ion between the moments  ozl, Pn (they cor -  
respond to f(p)) and a~, tt~ (they cor respond  to f*(p)): 

1 t �9 

. 1 t 4 §  1 2 �9 5 2 
(26) 

We see f rom Eqs. 
re la t ionships  

(21), (22), (23) that the frontal  and elution dynamic curves  are  associated by the 

p~f (z, p) = %(z, p), [1 --exp(--pto)]c f (z, p) = c~(z, p) (27) 

o r  

c(z,  t ) -  OQ(z, t) c*e(z , t )=c f ( z ,  t ) - -c f (z ,  t--to). (28) 
Ot ' 
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For  a fixed length of the column L, 
a small  number of t e rms  according to Hermite  orthogonal polynomials 

ce(L, t) = ~ A~H~(y)exp(--y2), y = (t--%)(2/a~)-~/- ~, 
n=l 

1 
cf (L, t) --- -~-  [err (~) § err (go)] -1- r/~'~-~ ~ An [F~ (g) § (--1)"F * (go)], 

n=3 

g 
(Zl . ~ ~" --I~ * go= ~-7-~ -,  err(g)= e dr; Fn(y)=Hn_l(O)--e-Y'Hn_l(y). 

V 2p,, 
0 

Using the orthogonality of Hermite  polynomials [25], we find 

the elution and frontal  dynamic curves can be descr ibed by se r ies  with 

n _ _ _ k  - I n 
( -  2 ( -2) A, 

V ~'(n--2k)! k! k=o It.-2h (~h) 
1 

A0=- / ' AI=A2=0. 
2z~t=, 

In the presence  of stagnant zones between the sorbent  grains [19-23], the elution dynamic curves  a re  
great ly  "extended" and differ  f rom the Gaussian curve,  and the re fore  such curves  can be descr ibed by 
se r i e s  with a small  number of t e rms  according to general ized Laguerre  polynomials 

ce(L, t ) = E N , ~ e x p ( - - + ) L ~ ( + ) ( t ) ' ,  
n,,,,O 

(29) 

(3o) 

(31) 

n=O k~O 

(-- 1)~r(n + 1 ) r ( m + n  + 1) 
r ( k +  1 ) r (n - -  k + 1)r(m + k + 1) 

? (m +k-+- l ,  + ) .  (32) 

Using the orthogonality of the general ized Laguer re  polynomials [27], we obtain 

Nn = D8 Z 
k~0 

(__ 1)k %~-(k+l) 
r ( k +  D r ( n - - k +  1 ) r ( m + k  + l) 

Varying the independent pa rame te r s  (m), we can change the leading edge and, varying the pa ram-  
e t e r  (r), the trai l ing edge of the elution dynamic curve. With an appropria te  select ion of the pa ramete r s  
in se r i e s  (31), (32), we can r e s t r i c t  ourse lves  to two or three  te rms .  

The express ions  for the moments obtained for an unbounded column [9] a re  more  complex and differ 
f rom (24). Thus, the express ion  for  the f i r s t  initial and second central  moments  is [9] 

% = ( 1 + k 6 )  -~-~-  , 1%=2% -kxz ~ -k 2xz (1-+- k6) ~ + - ~  . (33) 

The other central  moments  in [9] have an even more  complex form. However,  for asymptot ical ly  
large lengths of columns the express ions  for  the moments  (24) and (33) coincide. For  small  lengths of 
columns it  is neces sa ry  to use (24). 

Relationships (29)-(32) r ep resen t  the solutions of the di rect  problem of nonequilibrium dynamics of 
sorption. The express ions  for  the moments  (24) a r e  essent ia l ly  the solution of the inverse  problem of the 
nonequilibrium dynamics of sorption. Having determined f rom the exper imental  elution curve (we can 
eas i ly  obtain the elution curve f rom the frontal  curve by means of re la t ionship (28)) the numerica l  values 
for  the moments ,  we can find pa ramete r s  5, Di, fi0, k2, D f rom the solution of the algebraic  system. To 
avoid solving a complex a lgebraic  sys tem it is expedient to find 5 f rom the equation for al  at  f i rs t ,  and , 
then record  the dynamic curves  for  large l inear  veloci t ies  (in this case r i >> l / T 0  [28] and find k2, Di, D 
f rom the express ions  for  P2 and tt 3. F rom the elution curve for  a small  flow veloci ty (in the case r i ~ 1 
/7~  [28]) we can find fl0 f rom the express ion  for/~2- The agreement  of the exper imental  values of P4 with 
the calculated (with considerat ion of determinat ion of the p a r a m e t e r s  by the method indicated above) values 

440 



of P4 is the c r i t e r ion  of a c c u r a c y  of de termining the p a r a m e t e r s ,  on one hand, and, on the other,  of the 
c o r r e c t n e s s  of the given model,  which c o r r e c t l y  desc r ibes  percolat ion of a gas mix ture  through a cotumn. 

qO 

c o 

kl, k2 
k = kl /ke;  

D i 

NOTA TION 

is the concentra t ion of absorbed  subs tance  per unit volume of sorbent  grain;  
is the concentra t ion of so rba te  within f ree  space  of sorbent  grains ;  
a r e  the sorp t ion  and desorpt ion  coefficients ,  respec t ive ly ;  

is the coefficient of (internal) diffusion within nar row channels of the sorbent  gra ins ;  

,~o 
u 

c 
60 = (1 - o-)/cr; 
5 = 6 0 / ( v - - I ) ;  
(T 

7o 

~o = (I + V)Zo/a; 
D 
to 

is the s y m m e t r y  p a r a m e t e r  (v = 2 for  a sphere  with radius  a; v = 1 for  a cyl inder  with 
radius  a; v = 0 for  gra ins  in the f o r m  of plates 2a thick); 
is the coefficient  of (external) m a s s  t r an s f e r  on the su r face  of the sorbent  grains ;  
is the percola t ion veloci ty  of flow of gas  (liquid) mixture ;  
is the concentra t ion of so rba te  in flow; 

is the port ion of f r ee  space  of the g ranu la r  column; 
is  the kinetic coefficient  of sorpt ion  taking into account  the de l ive ry  veloci ty  of the 
subs tance  to the su r face  of the sorbent  gra ins  by the percolat ing flow and external  
diffusion; 

is the d i spers ion  coefficient  taiong into account  effect ive longitudinai mixing; 
is the t ime of admiss ion  of the invest igated mixture.  
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